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Note: The paper carries 105 marks. Any score above 100 will be taken as
100. State clearly the results you are using in your answers.

1. [3×5=15 marks] Prove or disprove:

(i) Pn, n ≥ 1, P,Q are probability measures on a complete separable metric
space such that Pn⊥Q for all n, and Pn ⇒ P as n →∞. Then P⊥Q.

(ii) S is a complete separable metric space. Then x 7→ δx is a continuous
function from S into P(S).

(iii) Py denotes the one dimensional Wiener measure starting at y ∈ IR.
Then Px and P2x are equivalent measures (in the sense of mutual absolute
continuity), where x 6= 0.

2. [10 marks] Let h : S → S′ be a measurable function where S, S′ are
complete separable metric spaces. Let Pn ⇒ P in S. Suppose there ex-
ists D ∈ B(S) such that P (D) = 0 and Dh ⊆ D where Dh is the set of
discontinuity points of h. Show that Pnh−1 ⇒ Ph−1.

3. [15 marks] Let {B(t) : t ≥ 0} be a real valued stochastic process. Let
0 < t1 < t2 < · · · < tk < ∞ be fixed. Show that the following are equivalent.

(a) B(t1), B(t2)−B(t1), · · · , B(tk)−B(tk−1) are independent random vari-
ables having respectively N(0, t1), N(0, t2− t1), · · · , N(0, tk− tk−1) distribu-
tions.

(b) (B(t1), B(t2), · · · , B(tk)) has the k-dimensional normal distribution N(0̄,Σ)
where 0̄ = (0, 0, · · · , 0), Σij = min{ti, tj}, 1 ≤ i, j ≤ k.

4. [15 marks] For t > 0, x ∈ IRd, Borel measurable function f on IRd, define

(Tt)f(x) = Ex[f(X(t))],

whenever the right side makes sense; here Ex denotes expectation w.r.t.
the d-dimensional Wiener measure starting at x, and {X(s) : s ≥ 0} is
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the canonical projection process. Show that Tt is a bounded self adjoint
operator on L2(IRd) with ‖Tt‖ ≤ 1.

5. [15 marks] Let T > 0. Let u(·, ·) ∈ Cb([0, T ] × IRd)
⋂

C1,2
b ((0, T ) × IRd)

solve the terminal value problem

∂
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d∑
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∂2

∂x2
i

u(s, x) + qu(s, x) = 0, 0 < s < T, x ∈ IRd,

lim
s↑T

u(s, x) = f(x), x ∈ IRd,

where q ∈ IR is a constant and f(·) is a bounded continuous function. Obtain
an expression for u(·, ·) in terms of d-dimensional Wiener measure. (Hint:
Consider eqsu(s, x).)

6. [10+10+15=35 marks] Let D ⊂ IRd be an open set. For w ∈ C([0,∞) :
IRd) set

τD(w) = inf{t ≥ 0 : w(t) /∈ D}.

(i) Let wn → w in C([0,∞) : IRd). Show that τD(w) ≤ lim infn→∞ τD(wn).

(ii) Show that w 7→ τD(w) is not continuous in general.

(iii) Using the strong Markov property of Brownian motion show that the
function

x 7→ Px(τD < ∞), x ∈ D

is harmonic in D, where Py denotes the d-dimensional Wiener measure start-
ing at y.
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